Abstract-Contact models for soft fingertips are able to precisely compute deformation when information about contact forces and object position is known, thus improving the traditional soft finger contact model. However, the functionality of these approaches for the study of in-hand manipulation with robot hands has been shown to be limited, since the location of the manipulated object is uncertain due to compliance and closed-loop constraints. This letter presents a novel, tractable approach for contact modeling of soft fingertips in within-hand dexterous manipulation settings. The proposed method is based on a relaxation of the kinematic equivalent of point contact with friction, modeling the interaction between fingertips and objects as joints with clearances rather than ideal instances, and then approximating clearances via affine arithmetic to facilitate computation. These ideas are introduced using planar manipulation to aid discussion, and are used to predict the reachable workspace of a two-fingered robot hand with fingertips of different hardness and geometry. Numerical and empirical experiments are conducted to analyze the effects of soft fingertips on manipulation operability; results demonstrate the functionality of the proposed approach, as well as a tradeoff between hardness and depth in soft fingertips to achieve better manipulation performance of dexterous robot hands.
I. INTRODUCTION

H
IGH grasping stability arises from the compliance of fingertips in the human hand, since an increase in contact area from fingers results in a greater variety of moments to the grasped object [1] . Soft fingertips have thus become a suitable approach in robotics to handle excessive contact force in grasping and manipulation tasks. Indeed, multiple research works have been carried out on contact mechanisms of soft fingertips in static situations. For instance, Reznik et al. [2] proposed a dynamic mass-spring model to perform the deformation of the soft fingertip; moreover, Inoue et al. [3] proposed a parallel-distributed The authors are with the REDS Lab, Dyson School of Design Engineering, Imperial College London, London SW7 2DB, U.K. (e-mail:, q.lu17@imperial.ac.uk; n.rojas@imperial.ac.uk).
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Digital Object Identifier 10.1109/LRA. 2019.2906544 spring model for hemispherical soft fingertips by analytically formulating the elastic force and elastic potential energy equations. Subsequently, Ghafoor et al. [4] used contact stiffness based on screw theory to model a soft finger contact, and presented an analytical approach to synthesise it. Possible contact models when two objects touch, using the normal force and contact friction force, have been discussed in Ciocarlie et al. [1] , where several equations based on Coulomb's model are proposed to describe point contact with friction and soft finger contact models. Kim [5] discussed a model for soft fingertips under motion by using a simplified spring and damping model; this approach analyses the behaviour of the fingertips when they interact with a manipulated object. These methods are all sound and are able to calculate the precise deformation of a soft fingertip when its design parameters, the contact forces, and the object position are known.
Despite the described advantages, the above soft fingertip models are difficult to implement for the analysis of inhand manipulation, as knowledge about the object's position is required. This information is uncertain, due to the compliance and closed-loop constraints of the hand-object system. Indeed, the precise input parameters required by these models lead in general to complex equations that are unable to characterise an object's uncertainty. Reinforcement learning techniques based on the randomisation of numerous physical properties [6] could be combined with these models to deal with the unpredictability resulting from deformation and multiple contact forces; however, it is unclear how the resulting control policies could be transferred to different robot hands, and limited insights would be obtained regarding how to improve the design of fingertips for a better dexterous manipulation performance.
The relationship between soft fingertips and in-hand manipulation is certainly not well defined as yet, with little work done so far in the area (e.g., [7] - [9] ). In this letter, we propose a novel, tractable approach for contact modelling of soft fingertips, for use in the study of in-hand dexterous manipulation. The proposed method is based on a relaxation of the kinematic equivalent of point contact with friction. In this technique, the interaction between fingertips and objects is modelled as joints with clearances (see Fig. 1 ), which are then approximated via affine arithmetic to facilitate computation.
It can be argued that the introduced contact model has similarities with how humans manipulate objects, as our experience shows that rather than exact locations of contact points between objects and fingertips, we rely on contact areas where the Fig. 1 . Despite it being known that the use of deformable fingertips increases grasp stability, the relationship between compliant fingertips and in-hand manipulation performance is not clear-and has received limited attention in literature. We propose a novel, tractable approach for contact modelling of soft fingertips to study within-hand dexterous manipulation performance. Top: Soft fingertip deformation model based on approximating interactions as joints with clearances. Bottom: The clearance circle defines an area where the contact between fingertip and object can occur.
interaction can occur for a successful manipulation. In the proposed model, the contact situation between an object and a soft fingertip is not defined as a specific point-as is the case in the traditional soft finger model; instead, we assume that the object can have contact with the soft fingertip anywhere within a given range that is related to the hardness. Without the need for numerous precise inputs, the proposed model has high robustness and fault tolerance, which additionally makes it computationally tractable. These ideas are herein introduced via planar manipulation, using a two-fingered robot hand with fingertips of different hardness and geometry, as a case study to predict reachable workspaces. Numerical and empirical experiments are carried out to study the effects of soft fingertips on manipulation performance.
The rest of this letter is organised as follows. Section II explains some basic techniques used in the creation and simulation of the new contact model for soft fingertips. In Section III, the proposed contact model is detailed, describing the simulation framework and experimental setup of a two-fingered robot hand manipulating objects with soft fingertips of diverse hardness. The results from the simulation, including the prediction and experiment results for different object size and different fingertips are presented in Section IV. Section V discusses the relationship between the soft fingertips and the manipulation capability of the two-fingered robot hand from our findings. Finally, we conclude and present directions of future research in Section VI.
II. BASICS
A. Bilateration Method
By using the bilateration method, the intersection coordinates of two intersecting circles can be calculated by giving their radii and the distance between their centres. In the simulation herein discussed, this method is used to calculate the joint positions and object positions. Another method, called triangulation, has a similar function but depends on angles while bilateration only depends on distances.
Suppose two vectors p A,B and p A,C are connecting points A to B and points A to C. Thus, these two vectors can form a bilateration matrix, Z A,B,C , and then p A,C can be computed as:
where s i,j is the squared distance between points i and j, and
Δ A,B,C is the oriented area of the triangle defined by points A, B, and C ( ABC ), which can be either positive or negative depending on the orientation of p A,C relative to p A,B . If C is to the right of vector p A,B , the oriented area is negative; otherwise it is positive. The detailed description of these formulae can be found in [10] .
B. Affine Arithmetic
Affine arithmetic is a self-validated computational model which can alleviate the dependency problem in computations based on intervals [11] . The dependency problem becomes the main obstacle when using standard interval arithmetic to estimate ranges. The interval is guaranteed to comprise the exact (unknown) value during a computation in standard interval arithmetic, however, it usually calculates an interval much wider than the exact range of the computed function, as it may count each calculation as independent. Following several steps in complex and repeatable calculations, interval ranges are then overestimated. In order to mitigate this problem, affine arithmetic keeps track of first-order correlations between computed and input quantities, while recording a range for each ideal quantity; these correlations are automatically exploited in primitive operations. This supports affine arithmetic to maintain tight estimated ranges after many chained computations, where standard interval arithmetic would suffer error outburst. In affine arithmetic, an ideal quantity x is represented by a first-degree polynomial affine formx [12] : where x 0 is the mid value of the affine form; the coefficients x i are finite floating-point numbers corresponding to partial deviations ofx; and the ε i are noise symbols which have unknown value, but assumed to lie between −1 to 1.
III. METHODS
A. Modelling of Soft Fingertips
The superiority of deformable human fingertips in grasping and manipulation tasks has led to a number of investigations with robot hands employing soft fingertips. Soft fingertips are a more efficient way to maintain comfortable contact than some compliance control strategies [13] . Some methodologies have been proposed to investigate the relationship between soft fingertips and in-hand manipulation. For instance, Bullock et al. [7] proposed compliant finger pad designs with different inner solid structures to compare manipulation performance empirically. Arimoto et al. [8] proposed a geometry-based control model for a two-fingered gripper, but it requires information about mass and has low adaptability to uncertainty. Chang [9] determined the kinematic effects of soft fingertips during rolling manipulation by experimental results only.
In this letter, we propose a new contact model based on a relaxation of the kinematic equivalent of point contact with friction, modelling the interaction between fingertips and objects as joints with clearances rather than ideal instances [ Fig. 1 ], and then approximating clearances via affine arithmetic to facilitate computation [ Fig. 2 ]. The kinematic equivalent of a contact type corresponds to a kinematic constraint which defines the constrained motion between two contacting bodies [14] .For rigid fingertips, the contact model can be assumed as point contact with friction and the kinematic equivalent of that is a revolute joint in the planar case [15] . Soft fingertips are usually modelled using the soft finger model which is a contact type that idealises a point contact that resists moments along the contact normal due to the large contact area [16] . But this model is inappropriate to model the rolling and deformation effects of real soft fingertips-the contact model for a soft fingertip should not be a single point.
For soft fingertips, the deformation occurs when they are grabbing a rigid object. Our human experience tells us that the brain detects when fingertips are deformed but does not provide information about the precise nature of the deformation. Following this principle, instead of having complex equations to display the exact deformation, we propose an approximate dynamic approach based on the idea of clearances in order to simulate the contact situation and analyse robot hand operability. On the basis of the compliance characteristics of soft fingertips, the contact situation between a rigid object and a soft fingertip is no longer a single point but an area.
In Fig. 1(top) , the dark grey area indicates the deformed soft fingertip when grasping a rigid object; as there are no sensors installed on the fingertips, the contact force is unknown, the deformation is unknown as well. In this case, we use a fuzzy theory approach to assume the contact location (blue dots) between a rigid object and a soft fingertip is in a certain area. This flexible area can be seen as equivalent to a joint with clearance in mechanical design. Fig. 1(bottom) shows the enlarged contact principle of a revolute joint with clearance. The size of the clearance circle is based on the hardness of the fingertip. This model assumes that the contact location between a rigid object and a soft fingertip can be anywhere in the clearance circle (the area in red). Fig. 2 presents the contact model in detail, applied to two soft fingertips in planar manipulation, in which the contact area circle (the area in red) is perpendicular to the fingertip link. To achieve a mathematical and computational tractable model, this contact area circle is approximated using affine arithmetic (blue square). Therefore, a single contact point, say p 5 or p 6 , is transformed into an interval whose size depends on the softness of the fingertip.
B. Simulation Model
For a rigid fingertip, the kinematic equivalent of point contact with friction is a revolute joint in the planar case, so the object grasping system by a two-fingered gripper is similar to a sixbar mechanism with revolute pairs [ Fig. 3(top) ]. Therefore, in simulation, this contact model is represented as an ideal revolute joint plus a friction cone. The cone of friction is a method to combine the coefficient of fiction and the angle of friction [ Fig. 3(bottom) ].
The simulation to compute the reachable workspace of a rigid object manipulated by a two-fingered robot hand with rigid fingertips assumes that the contact points between the fingertip and the object are fixed during the movement, what is called precision manipulation in the dexterous manipulation literature [17] . According to the notation of Fig. 3 
This is a much reliable and quick way to find all feasible values for p 6 instead of working out p 6 by using θ 4 . Then several constraints are applied to the simulation to approach the real model. Since the gripper is modelled as a closed linkage, the contact forces must be collinear. This means that for each feasible p 6 the line l 56 must lie into the friction cones of both fingertips, in other words, the purple line l 56 in Fig. 3(bottom) should be inside both friction cones (depicted in green). The friction coefficient is conservative, using the silicone on plastic coefficient (an estimated value of 1 [18] ) as parameter. This creates a friction cone of 0.785 rad about the axis of the normal reaction of the contact point by using μ = tanλ , where μ is the coefficient of friction and λ is the angle of the friction cone.
Other constraints are also used to avoid the contact point moving to the opposite side of the fingertip. For instance, when calculating the included angle between the fingertip link and the line connecting two contact points, if this angle is smaller than the friction cone, then it passes the constraint. As the contact points are simulated as revolute joints, the simulation cannot tell whether the object is contacting the front side of the fingertip or the back side. By finding the sign of the area defined by 456 this problem is solved. For the case of soft fingertips, most of the constraints to compute the reachable workspace need to change since p 5 and p 6 are no longer single points [ Fig. 2 ]. For the friction cone, the rigid model uses the line connecting p 5 and p 6 to determine whether it is a valid configuration. However, a single line cannot connect the interval associated to the relaxation of p 5 and p 6 as revolute joints with clearance. It can only connect single points in the interval. The friction cone is then defined using the left vertices of the interval related to p 5 (p 5min and p 5max ) and the right vertices of the interval related to p 6 (p 6min and p 6max ). This way, four lines (purple lines in Fig. 2 ) are defined between these four points (p 5min , p 5max , p 6min , p 6max ) to determine valid configurations. For each line, if it is included in the friction cone of both vertices, a success is counted. Then, for each set of four lines for a given configuration, the interval p 6 is considered feasible if there exists at least one success.
C. Experimental Setup
To obtain the object workspace experimentally, a two-fingered robot hand with different softness in the fingertips was developed as shown in Fig. 4 . All experiments were performed horizontally. The two-fingered robot hand is adapted to be fully actuated from the underactuated designs of the Yale OpenHand project. The original OpenHand has a block (hard stop [19] ) designed at the distal joint to prevent the fingertip over bending. The developed robot hand eliminates the hard stop to have a larger range of rotating angles for θ3 and θ4. Each finger has two revolute joints that are driven by two Herkulex smart actuators (DRS-0101) through wire controls. The fingertip was redesigned to be changeable by slotting different designs using a single fingertip base, as exemplified in Fig. 5 . Motion cameras (OptiTrack Flex 3) were used to record the object movement. The vertical board underneath the object platform is removable. When it is removed, the platform can be bent to check whether the hand has grasped the object properly or not.
Five different fingertips with different hardness were made to manipulate seven different sizes of cylinders. The size of the cylinders ranges from 10 mm to 130 mm with an increment of 20 mm. Table I lists the details of these 5 fingertips and Fig. 5 shows the appearance overview of them. Type 1 is made of ABS which is the hardest fingertip among the 5 types implemented and can be seen as a rigid fingertip. A silicone tape layer is added on the rigid and urethane fingertip surface to reach the similar friction coefficient as the silicone fingertip. Type 2 -type 5 are used to test soft fingertip conditions. The softness is increased from type 1 to 5 which is tested by a type C durometer. The thickness of type 5 (3 cm) is different from the other four (0.7 cm). The possible maximum deformation of the fingertips was measured using a caliper at the middle grasping position when the gripper grasped a 50 mm cylinder tightly; it was determined that the deformation of fingertips type 2, 3, 4, and 5 is approximately 0.1 cm, 0.2 cm, 0.3 cm, and 1 cm, respectively.
IV. RESULTS
A. Simulation
The final object workspace is plotted based on p 7 which is the centre point of the cylinder. For soft fingertips, simulation results were computed using the affine arithmetic method which the representation is a quadrangle. Therefore, a group of quadrangles is used to present the soft fingertips workspace [ Fig. 6 ] instead of the scattergram used to present the rigid fingertip workspace. In general, mirrored results will be plotted to include all possibilities, but for Fig. 6 mirrored results were removed for clearer demonstration. For each configuration, there are four sets of angles to test the friction cone. If all four sets are in the friction cone condition, the quadrangle is yellow; if three sets of angles are in the conditions, the quadrangle is red; the quadrangle is green when two sets of angles are inside the friction cones; if only one set of the angles is in the friction cone condition, the quadrangle is blue. The colour thus illustrates the success rate of each set of the lines which indicates the stability of the grasp at that particular position. Fig. 7 illustrates the plotted workspaces of the 50 mm cylinder manipulated by rigid fingertips and the configurations of the twofingered robotic hand at some boundary points. Fig. 7(top-left) is the simulation workspace calculated using the rigid contact model. Each dot represents one feasible position which, subsequently, correspond to different finger configurations. Nine critical boundary points have been selected to show the configuration of the robotic hand [ Fig. 7(bottom-left) ] which give a clear understanding of how the manipulated object moves within the gripper. Fig. 7(top-right) shows the experimental workspace of the cylinder manipulated by rigid fingertips (type 1). Fig. 7(bottom-right) demonstrates the same configuration setup as the simulation on the left and the corresponding object locations are highlighted in the top right workspace (orange dots). In the experiments, the cylinder was rolling during the movement in order to balance out the bending force of the fingers. Once the collinear forces between the two fingertips are beyond the friction cones, slippage occurs.
The size of the object workspace corresponds to the robotic hand operability. In order to optimise the operability, the robotic hand should have a larger workspace. The AlphaShape method [20] is used to calculate the area of the object workspace by using all feasible p 7 . AlphaShape is a generalisation of the convex hull computation of a finite set of planar points; it corresponds to a family of piecewise linear simple curves in the Euclidean plane that can capture notions of fine shape and crude shape of a point cloud. For rigid fingertips, the simulation results consist of points, so the area of the workspace can be calculated directly. However, for soft fingertips, the results are affine workspaces [ Fig. 6 ] which are made up of quadrangles, not points. An additional step is required to transfer the quadrangle into points by plotting the vertexes of it and then applying AlphaShape on this result. Fig. 8 illustrates the AlphaShape area vs the size of the cylinder which is manipulated by different fingertips. Four sets of fingertips with different hardness and 13 different sizes of cylinders were tested. In the simulation, the clearance indicates the hardness of the fingertip (i.e., the larger the clearance the softer the fingertip). It is assumed that the depth of the fingertip is not affected by the size of the clearance which means that while the depth of the fingertip increases, the hardness of the fingertip remains the same (top two: for different D, the C remains the same for each set of fingertip).This assumption is made to check how the depth of fingertips effects the workspace. In reality, fingertips may get softer when increasing the depth. Fig. 8 (bottom left) presents this scenario by increasing the size of clearance slightly. Fig. 8 compares the area of workspace on different fingertips including the rigid fingertips (bottom-right) and different depth of fingertips. The clearances change from 0.1 cm to 0.3 cm and the depth of the fingertips are 0.7 cm and 3 cm.
B. Experiments
For the experiments, seven different sizes of cylinders were tested using 5 different softness fingertips. Fig. 9 shows the experimental AlphaShape area results. The black line shows the results of rigid fingertips (type 1) which have the smallest workspace. The blue line indicates the urethane fingertips (type 2) which has a little improvement between cylinder size from 10 mm to 70 mm, however, also indicates a significant improvement on cylinder size 90 mm and 110 mm; this trend occurred on the remaining two fingertips (type 3 and 4). The left subfigure illustrates that with the same fingertip depth, the softer fingertip has a better manipulation workspace for different sizes of cylinders. The right subfigure shows the AlphaSpace area of two fingertips (type 4 and type 5) with different fingertip depth (0.7 cm and 3 cm). Type 5 fingertip has less AlphaShape area on all of the sizes of the cylinders, particularly for cylinder size 90 mm and 110 mm. Fig. 10 illustrates the shape of the workspace for both simulation and experiments. It compares the workspace for three different hardness fingertips with the 70 mm cylinder. The top figure shows the simulation workspace and the clearance change from 0.1 cm to 0.3 cm. The bottom figure is the experimental workspace of type 2, 3, and 4 fingertips. Both simulation and experiments show that the workspace increases when the softness of the fingertip increases.
V. DISCUSSION
The trend of type 1 fingertip and type 5 fingertip is different from others in Fig. 9 . According to the appearance of the fingertip [ Fig. 5 ], the design of the fingertips follows a curved shape; as rolling occurred in the experiments, for some boundary points, objects were grasped by the extreme area of these shapes (i.e., the tip of the fingertips), which is steep. Because of the lack of softness of the type 1 fingertip, the objects have more chance to escape when grasp around the tip, and large objects have higher possibility to have contact with that area. In the case of the type 5 fingertip, objects have less space for rolling, and this worsens when the size of the object increases.
By contrasting Fig. 8 and Fig. 9 , the overall experimental AlphaShape area is greater than the overall simulation AlphaShape on account of rolling. The experimental trends are much the same as the simulation trends with a shift on peak position. According to our simulation results, the maximum workspace occurs when the cylinder is in the range 80 mm to 100 mm [ Fig. 8 ]. In the experimental case, the maximum workspace occurs when the cylinder is in the range 90 mm to 110 mm [ Fig. 9 ]. We think that the main reason that may cause this difference is the position of the contacts. In simulation, the contact points correspond to the intersection points between diameter and the circumference (and from it the clearance circle is built), which means that the contact distance equals to the diameter of the cylinder. However, in the experiments, the contact distance can be less than the diameter of the cylinder due to rolling, which means that the centre of the cylinder is not align with the contact points. This causes a shift to the right in the trend of experimental results. Fig. 10 shows the workspace has improvements at both ends, as some bad rolling occurs at the fingertip during the manipulation at boundary configurations, i.e. the contact point moves from the middle of the fingertip to the top. Moreover, the number of data recorded for the experimental results is small when compared to the number of samples used in simulation. This decreases the accuracy of AlphaShape area values from experiments. When slippage occurs, the cylinder will be placed at the starting position which will be different from the rolling position. For type 2 rigid fingertip, it is more likely to have slippage, which causes the narrow workspace at the middle. During the experiments, the object starts from centre to right then back to centre and move to left. As there are many uncertainties in the experiments, the accuracy of the results for the left parts is not as good as the right parts in Fig. 10 .
According to the AlphaShape area comparison results, the simulation shows that the softer is the fingertip, the larger is the workspace until a certain limit-see Fig. 8(bottom-left) for instance. This is indeed confirmed by the experimental results. Back to the fingertip table (Table I) , the type 5 fingertip is slightly softer than the type 4, both made of the same material. In theory, the manipulation workspace of the type 5 fingertip should be better than the type 4 outcome. However, the results are completely opposite where type 5 fingertip has less AlphaShape area on all of the cylinder sizes, particularly for cylinder size 90 mm and 110 mm. This shows than that, given material, there exists a trade-off between the depth of the fingertip and its softness to improve robot hand operability.
The proposed model of soft fingertips gives satisfactory results on estimating the object workspace manipulated by a two-fingered robotic hand. These results express the correct workspace area tendency across object size and fingertip design; they also demonstrate that the robotic hand performs better on objects which have a similar size to it. The model requires a small quantity of input parameters which allows it to have high compatibility to other robotic hand designs and not just restricted to two-fingered robotic grippers. Simplicity and reduced computational costs are other advantages of the proposed model, in which a designer can analyse multiple robotic hands in a short period of time without special expertise.
VI. CONCLUSION
The proposed model gives a simple and elegant way to assess the dexterous manipulation ability of a gripper. It can simulate the end effector positions based on the parameters of soft fingertips, rather than assuming the manipulated object's position to determine the resulting deformation of fingertips. A limitation of the proposed contact model is that it is not possible to simulate different shapes of the fingertip or object geometry as the model is based on point contact with friction which does not consider curvature information. The proposed model was used to find the reachable workspace of a two-fingered robot hand, and the ideas were introduced using a planar manipulation setting to facilitate discussion and experimentation. However, the overall approach can be leveraged to study spatial manipulation by modelling the soft fingertips as spherical joints with clearance, and extending the use of affine arithmetic to maintain tractability. This is indeed an aspect that future works could explore. Our results have shown that in order to increase the robot hand's workspace for in-hand manipulation, a fingertip needs to be not only soft but also thin; designers must resolve this trade-off, as thin soft fingertips may behave as a rigid contact if the object touches the corresponding support. Although the results of the proposed simulation framework do not demonstrate complete accuracy in prediction as expected given the simplifications and assumptions made, our study demonstrates that this numerical analysis can be used to solve the mentioned conundrum regarding softness and thickness.
